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GORENSTEIN SIMPLICES AND THE ASSOCIATED FINITE
ABELIAN GROUPS
AKIYOSHI TSUCHIYA
Abstract. It is known that a lattice simplex of dimension d corresponds a fi-
nite abelian subgroup of (R/Z)d+1. Conversely, given a finite abelian subgroup of
(R/Z)d+1 such that the sum of all entries of each element is an integer, we can
obtain a lattice simplex of dimension d. In this paper, we discuss a characteriza-
tion of Gorenstein simplices in terms of the associated finite abelian groups. In
particular, we present complete characterizations of Gorenstein simplices whose
normalized volume equals p, p2 and pq, where p and q are prime numbers with
p 6= q. Moreover, we compute the volume of the associated dual reflexive sim-
plices of the Gorenstein simplices.
Introduction
A lattice polytope is a convex polytope each of whose vertices has integer coordi-
nates. For a lattice simplex ∆ ⊂ Rd of dimension d whose vertices are v0, . . . , vd ∈ Z
d
set
Λ∆ = {(λ0, . . . , λd) ∈ (R/Z)
d+1 :
d∑
i=0
λi(vi, 1) ∈ Z
d+1}.
The collection Λ∆ forms a finite abelian group with addition defined as follows: For
(λ0, . . . , λd) ∈ (R/Z)
d+1 and (λ′0, . . . , λ
′
d) ∈ (R/Z)
d+1, (λ0, . . . , λd) + (λ
′
0, . . . , λ
′
d) =
(λ0+ λ
′
0, . . . , λd+λ
′
d) ∈ (R/Z)
d+1. Moreover, the order of Λ∆ equals the normalized
volume of ∆, i.e., d! times the usual euclidean volume of ∆, which we denote by
Vol(∆). Let Zd×d be the set of d×d integral matrices. Recall that a matrix A ∈ Zd×d
is unimodular if det(A) = ±1. Given lattice polytopes P and Q in Rd of dimension
d, we say that P and Q are unimodularly equivalent if there exist a unimodular
matrix U ∈ Zd×d and an integral vector w such that Q = fU(P) + w, where fU
is the linear transformation in Rd defined by U , i.e., fU(v) = vU for all v ∈ R
d.
In [2], it is shown that there is a bijection between unimodular equivalence classes
of d-dimensional lattice simplices with a chosen ordering of their vertices and finite
subgroups of (R/Z)d+1 such that the sum of all entries of each element is an integer.
In particular, two lattice simplices ∆ and ∆′ are unimodularly equivalent if and only
if there exists an ordering of their vertices such that Λ∆ = Λ∆′.
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A lattice polytope P ⊂ Rd is called reflexive if the origin of Rd is the unique
lattice point belonging to the interior of P and its dual polytope, i.e.,
P∨ := {y ∈ Rd : 〈x, y〉 ≤ 1 for all x ∈ P},
is also a lattice polytope, where 〈x, y〉 is the usual inner product of Rd. We say that
a lattice polytope P ⊂ Rd is Gorenstein of index r where r ∈ Z>0 if there exist a
reflexive polytope Q ⊂ Rd and a lattice point w ∈ Zd such that Q = rP + w ([5]).
Equivalently, the semigroup algebra associated to the cone over P is a Gorenstein
algebra. We call Q the associated dual reflexive polytope of P. Gorenstein polytopes
are of interest in combinatorial commutative algebra, mirror symmetry and tropical
geometry (for details we refer to [1, 9]). For a lattice polytope P ⊂ Rd of dimension
d, we can construct a new lattice polytope
Pyr(P) := conv(P × {0}, (0, . . . , 0, 1)) ⊂ Rd+1
of dimension d + 1. This polytope Pyr(P) is called the lattice pyramid over P.
Then we have Vol(P) = Vol(Pyr(P)). Moreover, it is known that P is Gorenstein of
index r if and only if Pyr(P) is Gorenstein of index r+1. Hence, if we construct all
Gorenstein polytopes which are not lattice pyramids, we can obtain all Gorenstein
polytopes. In each dimension, there exists only finitely many Gorenstein polytopes
up to unimodular equivalence ([11]), and they are known up to dimension 4 ([10]).
The works [3, 8] also provide some classification results for Gorenstein polytopes in
the high dimensional setting.
In this paper, we discuss a characterization of Gorenstein simplices in terms of
their associated finite abelian groups. In Section 1, we recall the Hermite normal
form matrices and some of their properties that we will use in this paper. In Section
2, we prove that a family of simplices arising from Hermite normal form matrices are
Gorenstein (Theorem 2.3). Using this result, we characterize Gorenstein simplices
whose normalized volume is a prime number. In fact, we will prove the following.
Theorem 0.1. Let p be a prime number and ∆ ⊂ Rd a d-dimensional lattice simplex
with normalized volume p. Suppose that ∆ is not a lattice pyramid over any lower-
dimensional simplex. Then ∆ is Gorenstein of index r if and only if d = rp− 1 and
Λ∆ is generated by
(
1
p
, . . . ,
1
p
)
.
In Section 3, we extend these results by characterizing Gorenstein simplices whose
normalized volume equals p2 and pq, where p and q are prime numbers with p 6= q.
In fact, we will prove the following theorems.
Theorem 0.2. Let p be a prime number and ∆ ⊂ Rd a d-dimensional lattice simplex
with normalized volume p2. Suppose that ∆ is not a lattice pyramid over any lower-
dimensional lattice simplex. Then ∆ is Gorenstein of index r if and only if one of
the followings is satisfied:
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(1) There exists an integer s with 0 ≤ s ≤ d−1 such that rp2−1 = (d−s)+ps and
Λ∆ is generated by

1p, . . . , 1p︸ ︷︷ ︸
s
,
1
p2
, . . . ,
1
p2︸ ︷︷ ︸
d−s+1

 for some ordering of the vertices
of ∆.
(2) d = rp − 1 and there exist an integer s with 1 ≤ s ≤ d − 1 and integers
1 ≤ a1, . . . , as−1 ≤ p− 1 such that Λ∆ is generated by
2−
∑
1≤i≤s−1
ai
p
,
a1 + 1
p
, . . . ,
as−1 + 1
p
, 0,
1
p
, . . . ,
1
p


and 

( ∑
1≤i≤s−1
ai
)
− 1
p
,
p− a1
p
, . . . ,
p− as−1
p
,
1
p
, 0, . . . , 0


for some ordering of the vertices of ∆.
Theorem 0.3. Let p and q be prime numbers with p 6= q and ∆ ⊂ Rd a d-
dimensional lattice simplex with normalized volume pq. Suppose that ∆ is not a
lattice pyramid over any lower-dimensional lattice simplex. Then ∆ is Gorenstein of
index r if and only if there exist nonnegative integers s1, s2, s3 with s1+s2+s3 = d+1
such that the following conditions are satisfied:
(1) rpq = s1q + s2p+ s3;
(2) Λ∆ is generated by

1p, . . . , 1p︸ ︷︷ ︸
s1
,
1
q
, . . . ,
1
q︸ ︷︷ ︸
s2
,
1
pq
, . . . ,
1
pq︸ ︷︷ ︸
s3

 for some ordering of
the vertices of ∆.
Moreover, we give a class of Gorenstein simplices whose normalized volume equals
a power of a prime number (Theorem 3.5). Finally, in Section 4, we compute
the volume of the associated dual reflexive simplices of the Gorenstein simplices
described in Sections 2 and 3.
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1. Preliminaries
In this section, we recall some basic facts about Hermite normal form matrices.
For positive integers d and m, we denote by Herm(d,m) the finite set of lower
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triangular matrices H = (hij)1≤i,j≤d ∈ Z
d×d
≥0 with determinant m satisfying hij < hii
for all i > j. It is well known that for any M ∈ Zd×d with determinant m ∈ Z>0
there exists a unimodular matrix U ∈ Zd×d and a Hermite normal form matrix
H ∈ Herm(d,m) such that MU = H . Let ∆ ⊂ Rd be a lattice simplex of dimension
d with normalized volume m and v0, . . . , vd the vertices of ∆, and let V be the
(d × d)-matrix whose ith row is vi − v0. Then one has | det(V )| = m and we may
assume that det(V ) = m. Hence there exist a unimodular matrix U ∈ Zd×d and a
Hermite normal form matrix H ∈ Herm(d,m) such that V U = H . In particular, ∆
is unimodularly equivalent to the lattice simplex whose vertices are the origin of Rd
and all rows of H .
Let H = (hij)1≤i,j≤d ∈ Z
d×d
≥0 be a Hermite normal form matrix and set ℓ(H) =
♯{i | hii > 1}. We then say that H has ℓ(H) nonstandard rows. Let ∆(H) be
the lattice simplex whose vertices are the origin of Rd and all rows of H , and set
s = max{i | hii > 1}. If ∆(H) is not a lattice pyramid over any lower-dimensional
lattice simplex, then s = d. In [7], lattice simplices arising from Hermite normal
form matrices are discussed.
We now recall a pair of lemmas that we will use in this paper.
Lemma 1.1 ([6, Corollary 35.6]). Let P ⊂ Rd be a lattice polytope of dimension d
containing the origin in its interior. Then a point a ∈ Rd is a vertex of P∨ if and
only if H ∩P is a facet of P, where H is the hyperplane{
x ∈ Rd | 〈a, x〉 = 1
}
in Rd.
By using this lemma, in order to see whether a lattice polytope is reflexive, we
should compute the equations of supporting hyperplanes of facets of the polytope.
Lemma 1.2 ([12, Lemma 12]). Let ∆ ⊂ Rd be a lattice simplex of dimension d.
Then ∆ is a lattice pyramid if and only if there is i ∈ {0, . . . , d} such that λi = 0
for all (λ0, . . . , λd) ∈ Λ∆.
2. Hermite normal form matrices with one nonstandard row
For a sequence of integers A = (a1, . . . , ad−1, ad) with 1 ≤ a1, . . . , ad−1 ≤ ad, we
set ∆(A) = conv(v0, . . . , vd) ⊂ R
d, where
vi =


(0, . . . , 0), if i = 0,
ei, if 1 ≤ i ≤ d− 1,
d−1∑
j=1
(ad − aj)ej + aded, if i = d.
Here e1, . . . , ed are the canonical unit coordinate vectors of R
d. Namely, ∆(A) is a
lattice simplex arising from a Hermite normal form matrix with one nonstandard
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row. In particular, the lattice simplices ∆(A) are exactly the lattice simplices with
one unimodular facet.
At first, we give the equations of supporting hyperplanes of facets of ∆(A).
Lemma 2.1. For 0 ≤ i ≤ d, let Fi be the facet of ∆(A) whose vertices are
v0, . . . , vi−1, vi+1, . . . , vd and Hi the supporting hyperplane of Fi. Then one has
• H0 = {(x1, . . . , xd) ∈ R
d : ad
d−1∑
j=1
xj + (1−
d−1∑
j=1
(ad − aj))xd = ad};
• Hi = {(x1, . . . , xd) ∈ R
d : −adxi + (ad − ai)xd = 0}, 1 ≤ i ≤ d− 1;
• Hd = {(x1, . . . , xd) ∈ R
d : −xd = 0}.
It is easy to compute Λ∆(A) for the simplex ∆(A), as demonstrated with the
following lemma.
Lemma 2.2. Let a0 be an integer with 1 ≤ a0 ≤ ad such that ad | (a0+ · · ·+ ad−1+
1). Then the finite abelian group Λ∆(A) is generated by
(
a0
ad
,
a1
ad
, . . . ,
ad−1
ad
,
1
ad
)
. In
particular, ∆(A) is not a lattice pyramid over any lower-dimensional lattice simplex
if and only if 1 ≤ a0, a1, . . . , ad−1 < ad.
Proof. Set
(λ0, . . . , λd) =
(
a0
ad
,
a1
ad
, . . . ,
ad−1
ad
,
1
ad
)
∈ (R/Z)d+1.
Then one has
d∑
i=0
λi(vi, 1) = (b1, . . . , bd−1, 1,
a0 + · · ·+ ad−1 + 1
ad
) ∈ Zd+1,
where for 1 ≤ i ≤ d − 1, bi = min{1, ad − ai}. Hence we know that (λ0, . . . , λd)
is an element of Λ∆(A). Since the normalized volume of ∆(A) is ad and the order
of (λ0, . . . , λd) is ad, Λ∆(A) is generated by (λ0, . . . , λd). Moreover, by Lemma 1.2,
it is follows that ∆(A) is not a lattice pyramid over any lower-dimensional lattice
simplex if and only if 1 ≤ a0, a1, . . . , ad−1 < ad. 
The following theorem characterizes exactly when the simplices ∆(A) are Goren-
stein.
Theorem 2.3. Suppose that 1 ≤ a0, . . . , ad−1 < ad. Then ∆(A) is Gorenstein of
index r if and only if the following conditions are satisfied:
• For 0 ≤ i ≤ d− 1, ai | ad;
• rad = a0 + · · ·+ ad−1 + 1.
In order to prove this theorem, we show the following lemma.
Lemma 2.4. Suppose that 1 ≤ a0, . . . , ad−1 < ad, rad = a0 + · · ·+ ad−1 + 1 and for
0 ≤ i ≤ d− 1, ai | ad. Then ∆(A) is Gorenstein of index r. Moreover, the vertices
of the associated dual reflexive simplex are the following lattice points:
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• −ed;
• −
ad
ai
ei +
ad − ai
ai
ed for 1 ≤ i ≤ d− 1;
•
ad
a0
d−1∑
j=1
ej +
(r − d+ 1)ad − a0
a0
ed.
Proof. Since ad(d − 1) + (1 −
∑d−1
j=1(ad − aj)) = rad − a1 < rad, by Lemma 2.1, we
know that t = (1, . . . , 1) is an interior lattice point of r∆(A). Set ∆ = r∆(A) − t.
Then by Lemma 2.1, the equations of supporting hyperplanes of facets of ∆ are as
follows:
• −xd = 1;
• −adxi + (ad − ai)xd = ai, 1 ≤ i ≤ d− 1;
• ad
d−1∑
j=1
xj + (1−
d−1∑
j=1
(ad − aj))xd = a0.
Hence by Lemma 1.1, ∆ is reflexive and we can obtain the vertices of ∆∨. 
Now, we prove Theorem 2.3.
Proof of Theorem 2.3. Let t = (t1, . . . , td) ∈ R
d be the unique interior lattice point
of r∆(A) and ∆′ = r∆(A)− t. Then for each i, one has ti ≥ 1. By Lemma 2.1, the
equation −xd = td is a supporting hyperplane of a facet of ∆
′. Hence by Lemma 1.1,
w0 = −ed/td is a vertex of (∆
′)∨. Therefore, we obtain td = 1. If for some i, ti ≥ 2,
then (t1, . . . , ti−1, ti− 1, ti+1, . . . , td−1, 1) is the interior lattice point of r∆(A). Since
(t1, . . . , td) is the unique interior lattice point of r∆(A), one has t1 = · · · = td−1 = 1.
Therefore, by Lemma 1.1, the following points are the vertices of (∆′)∨:
wi =


− ed, if i = 0,
−
ad
ai
ei +
ad − ai
ai
ed, if 1 ≤ i ≤ d− 1,
ad
a
d−1∑
j=1
ej +
1−
d−1∑
j=1
(ad − aj)
a
ed, if i = d,
where a = rad −
∑d−1
j=1 aj − 1. Since the origin of R
d belongs to the interior of ∆′,
we obtain a > 0. Moreover, ∆′ is reflexive, by Lemma 1.1, it is known that a divides
ad. Hence one has 1 ≤ a < ad. Therefore, since ad | (a + a1 + · · · + ad−1 + 1) and
1 ≤ a0 < ad, we obtain a = a0. By Lemma 2.4, this completes the proof. 
By Lemmas 1.1 and 2.4, we can prove Theorem 2.3.
Remark 2.5. If ∆(A) is Gorenstein of index 1, then ∆(A) is unimodularly equiv-
alent to a lattice polytope ∆ = conv(e1, . . . , ed,−
∑d
i=1 ai−1ei). In [4], properties of
this polytope ∆ are discussed.
We obtain Theorem 0.1 as a special case of Theorem 2.3.
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Proof of Theorem 0.1. Since the normalized volume of ∆ is a prime number, there
exists a sequence of integers A = (a1, . . . , ad−1, p) with 1 ≤ a1, . . . , ad−1 ≤ p such
that ∆ is unimodularly equivalent to ∆(A). Let a0 be an integer with 1 ≤ a0 ≤ p
such that p | (a0 + · · · + ad−1 + 1). Since ∆ is not a lattice pyramid over any
lower-dimensional simplex, by Lemma 2.2, one has 1 ≤ a0, . . . , ad−1 < p. Hence, by
Theorem 2.3, ∆(A) is Gorenstein of index r if and only if a0 = · · · = ad−1 = 1 and
d = rp− 1. Therefore, ∆ is Gorenstein of index r if and only if d = rp− 1 and Λ∆
is generated by
(
1
p
, . . . ,
1
p
)
. 
3. The case when Vol(∆) = p2 or Vol(∆) = pq
Let s, d be positive integers with 1 ≤ s < d, and let A = (a1, . . . , as) and B =
(b1, . . . , bd) be sequences of integers with 0 ≤ a1, . . . , as−1 < as and 0 ≤ b1, . . . , bd−1 <
bd. Set ∆(A,B) = conv(v0, . . . , vd) ⊂ R
d, where
vi =


(0, . . . , 0), if i = 0,
ei, if 1 ≤ i ≤ s− 1,
s∑
j=1
ajej , if i = s,
ei, if s+ 1 ≤ i ≤ d− 1,
d∑
j=1
bjej, if i = d.
Then ∆(A,B) is a lattice simplex arising from a Hermite normal form matrix with
two nonstandard rows.
We give the equations of supporting hyperplanes of facets of ∆(A,B).
Lemma 3.1. Assume that bs = 0. For 0 ≤ i ≤ d, let Fi be the facet of ∆(A,B)
whose vertices are v0, . . . , vi−1, vi+1, . . . , vd and Hi the supporting hyperplane of Fi.
Then one has
• H0 = {(x1, . . . , xd) ∈ R
d : asbd
∑
1≤j≤d−1
j 6=s
xj + bd(1 −
∑
1≤j≤s−1
aj)xs + as(1 −
∑
1≤j≤d−1
j 6=s
bj)xd = asbd};
• Hi = {(x1, . . . , xd) ∈ R
d : −asbdxi + aibdxs + asbixd = 0}, 1 ≤ i ≤ s− 1;
• Hs = {(x1, . . . , xd) ∈ R
d : −xs = 0};
• Hi = {(x1, . . . , xd) ∈ R
d : −bdxi + bixd = 0}, s+ 1 ≤ i ≤ d− 1;
• Hd = {(x1, . . . , xd) ∈ R
d : −xd = 0}.
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Let p, q be prime numbers with p 6= q. In this section, we characterize Goren-
stein simplices whose normalized volume equals p2 and pq. In particular, we prove
Theorems 0.2 and 0.3.
We prove the following lemma.
Lemma 3.2. Let p and q be prime numbers and set as = p and bd = q. Suppose that
∆(A,B) is Gorenstein of index r. Then we have bs = 0 or bs = q − 1. Moreover,
if bs = q − 1, then there exists a sequence of integers C = (c1, . . . , cd−1, pq) with
1 ≤ c1, . . . , cd−1 ≤ pq such that ∆(A,B) and ∆(C) are unimodularly equivalent.
Proof. The following two equations define supporting hyperplanes of two facets of
r∆(A,B):
• −xd = 0;
• −qxs + bsxd = 0.
Let t = (t1, . . . , td) ∈ R
d be the unique interior lattice point of r∆(A,B). Then
ti ≥ 1 for each i. Set ∆ = r∆(A,B) − t. Then the followings are equations of
supporting hyperplanes of facets of ∆:
• −xd = td;
• −qxs + bsxd = qts − bstd.
By Lemma 1.1, −
ed
td
and
−qes + bsed
qts − bstd
are vertices of ∆∨. Hence since ∆ is reflexive,
we know that td = 1 and
q
qts − bs
is an integer. Therefore, we have ts = 1 and
bs ∈ {0, q − 1}.
Suppose that bs = q − 1. Then we know(
λ0
pq
,
pq − a1 − pb1
pq
, . . . ,
pq − as−1 − pbs−1
pq
,
1
pq
,
q − bs+1
q
, . . . ,
q − bd−1
q
,
1
q
)
is an element of Λ∆(A,B), where λ0 is an integer with 0 ≤ λ0 ≤ pq − 1 such that the
sum of all entries of this element is an integer. Hence by Lemma 2.2, there exists
a sequence of integers C = (c1, . . . , cd−1, pq) with 1 ≤ c1, . . . , cd−1 ≤ pq such that
∆(A,B) and ∆(C) are unimodularly equivalent. 
At first, we characterize Gorenstein simplices with normalized volume p2. In order
to prove Theorem 0.2, we show the following lemma.
Lemma 3.3. Let p be a prime number and set as = bd = p and bs = 0. Suppose
that d = rp − 1 and for 1 ≤ i ≤ s − 1, ai + bi = p − 1 and for s + 1 ≤ i ≤ d − 1,
bi = p − 1. Then ∆(A,B) is Gorenstein of index r. Moreover, the vertices of the
associated dual reflexive simplex are the following lattice points:
• −ed;
• −pei + aies + bied for 1 ≤ i ≤ s− 1;
• −es;
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• −pei + bied for s+ 1 ≤ i ≤ d− 1;
• p
∑
1≤j≤d−1
j 6=s
ej + (1−
∑
1≤j≤s−1
aj)es + (1−
∑
1≤j≤d−1
j 6=s
bj)ed.
Proof. Since
p(d− 2) + (1−
∑
1≤j≤s−1
aj) + (1−
∑
1≤j≤d−1
j 6=s
bj) = d = rp− 1 < rp,
by Lemma 2.1, we know that t = (1, . . . , 1) is an interior lattice point of r∆(A,B).
Set ∆ = r∆(A,B)−t. Then by Lemma 2.1, the equations of supporting hyperplanes
of facets of ∆ are as follows:
• −xd = 1;
• −pxi + aixs + bixd = 1, 1 ≤ i ≤ s− 1;
• −xs = 1;
• −pxi + bixd = 1, s+ 1 ≤ i ≤ d− 1;
• p
∑
1≤j≤d−1
j 6=s
xj + (1−
∑
1≤j≤s−1
aj)xs + (1−
∑
1≤j≤d−1
j 6=s
bj)xd = 1.
Hence by Lemma 1.1, ∆ is reflexive and we can obtain the vertices of ∆∨. 
Now, we prove Theorem 0.2.
Proof of Theorem 0.2. First notice that, by Theorem 2.3, the case of Hermite nor-
mal form matrices with one nonstandard row are captured in the statement (1).
Hence, we consider the case of Hermite normal form matrices with two nonstandard
rows. Let s, d be positive integers with s < d, and let A = (a1, . . . , as−1, p) and
B = (b1, . . . , bd−1, p) be sequences of integers with 0 ≤ a1, . . . , as−1, b1, . . . , bd−1 < p.
Assume that ∆(A,B) is not a lattice pyramid over any lower-dimensional lattice
simplex and ∆(A,B) is Gorenstein of index r. Then for 1 ≤ i ≤ s − 1, we have
(ai, bi) 6= (0, 0) and for s+1 ≤ i ≤ d−1, we have bi 6= 0. By Lemma 3.2, we only need
to consider the case where bs = 0. If for some 1 ≤ i ≤ s− 1, ai = 0, then ∆(A,B)
is unimodularly equivalent to ∆(A′, B′), where A′ = (a1, . . . , ai−1, ai+1, . . . , as−1, p)
and B′ = (b1, . . . , bi−1, bi+1, . . . , bs−1, 0, bi, bs+1, . . . , bd−1, p). Hence we may assume
that a1, . . . , as−1 ≥ 1. Let t = (t1, . . . , td) ∈ R
d be the unique interior lattice point
of r∆(A,B), and set ∆′ = r∆(A,B) − t. Then by Lemma 3.1, the equations of
supporting hyperplanes of facets of ∆′ are as follows:
• −xd = td;
• −pxi + aixs + bixd = pti − aits − bitd, 1 ≤ i ≤ s− 1;
• −xs = ts;
• −pxi + bixd = pti − bitd, s+ 1 ≤ i ≤ d− 1;
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• p
∑
1≤j≤d−1
j 6=s
xj + (1−
∑
1≤j≤s−1
aj)xs + (1−
∑
1≤j≤d−1
j 6=s
bj)xd
= rp− p
∑
1≤j≤d−1
j 6=s
tj − (1−
∑
1≤j≤s−1
aj)ts − (1−
∑
1≤j≤d−1
j 6=s
bj)td.
Hence by Lemma 1.1, it is known that −ed/td and −es/ts are vertices of (∆
′)∨.
Therefore, since ∆′ is reflexive, we obtain ts = td = 1. Similarly, since pti−ai− bi >
0 and pti − ai − bi divides p, ai and bi, and since (ai, bi) 6= (0, 0), we have that
pti − ai − bi = 1. Hence, for any 1 ≤ i ≤ s− 1, we have ti = 1 and p− ai − bi = 1.
Moreover, since bi 6= 0 for any s+1 ≤ i ≤ d− 1, we have that ti = 1 and p− bi = 1.
We then obtain
rp− p
∑
1≤j≤d−1
j 6=s
tj − (1−
∑
1≤j≤s−1
aj)− (1−
∑
1≤j≤d−1
j 6=s
bj) = rp− d.
Since rp− d > 0 and rp− d divides p, we have rp− d = 1 or rp− d = p.
Assume that rp− d = p. Then since p | (1−
∑
1≤j≤s−1 aj), we know that Λ∆(A,B)
is generated by (
0,
a1 + 1
p
, . . . ,
as−1 + 1
p
, 0,
1
p
, . . . ,
1
p
)
and (
0,
p− a1
p
, . . . ,
p− as−1
p
,
1
p
, 0, . . . , 0
)
.
Therefore, by Lemma 1.2, ∆(A,B) is a lattice pyramid over a lower-dimensional
lattice simplex. Thus one has rp− d = 1. Then it follows that Λ∆(A,B) is generated
by 
2−
∑
1≤i≤s−1
ai
p
,
a1 + 1
p
, . . . ,
as−1 + 1
p
, 0,
1
p
, . . . ,
1
p


and 

( ∑
1≤i≤s−1
ai
)
− 1
p
,
p− a1
p
, . . . ,
p− as−1
p
,
1
p
, 0, . . . , 0

 .
By Lemma 3.3, this completes the proof. 
Next, we characterize Gorenstein simplices with normalized volume pq. In order
to prove Theorem 0.3, we show the following lemma.
Lemma 3.4. Let p and q be prime numbers with p 6= q and set as = p and bd = q.
Assume that k = rpq− p(d− s)− qs ∈ {p, q}. Then ∆(A,B) is Gorenstein of index
r. Moreover, the vertices of the associated dual reflexive simplex are the following
lattice points:
• −ed;
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• −pei + (p− 1)es for 1 ≤ i ≤ s− 1;
• −es;
• −qei + (q − 1)ed for s+ 1 ≤ i ≤ d− 1;
• (c1, . . . , cd),
where
ci =


q(1− (s− 1)(p− 1))
k
, if i = s,
p(1− (d− s− 1)(q − 1)
k
, if i = d,
pq
k
, otherwise.
Proof. Since pq(d−2)+q(1−(p−1)(s−1))+p(1−(q−1)(d−s−1)) = p(d−s)+qs <
rpq, by Lemma 3.1, it follows that t = (1, . . . , 1) ∈ Zd is an interior lattice point of
r∆(A,B). Hence by Lemma 3.1, the equations of supporting hyperplanes of facets
of ∆′ = r∆(A,B)− t are as follows:
• −xd = 1;
• −pqxi + (p− 1)qxs = 1, 1 ≤ i ≤ s− 1;
• −xs = 1;
• −qxi + (q − 1)xd = 1, s + 1 ≤ i ≤ d− 1;
• pq
∑
1≤j≤d−1
j 6=s
xj + q(1− (p− 1)(s− 1))xs + p(1− (q − 1)(d− s− 1)xd
= rpq − p(d− s)− qs.
If rpq − p(d− s)− qs = p, then p | s. Hence, p | (1− (p− 1)(s− 1)). Moreover, if
rpq− p(d− s)− qs = q, then q | (d− s), and so q | (1− (d− s− 1)(q− 1). Thus by
Lemma 1.1, ∆′ is reflexive and we can obtain the vertices of (∆′)∨. 
Now, we prove Theorem 0.3.
Proof of Theorem 0.3. The case when s3 ≥ 1 follows from Theorem 2.3 since this
case corresponds to the Hermite normal form matrices with one nonstandard row.
Hence, we consider the case of Hermite normal form matrices with two nonstandard
rows. Let s, d be positive integers with s < d and p, q prime numbers with p 6= q,
and let A = (a1, . . . , as−1, p) and B = (b1, . . . , bd−1, q) be sequences of integers with
0 ≤ a1, . . . , as−1 < p and 0 ≤ b1, . . . , bd−1 < q. Assume that ∆(A,B) is not a lattice
pyramid over any lower-dimensional lattice simplex and ∆(A,B) is Gorenstein of
index r. Then for 1 ≤ i ≤ s− 1, we have (ai, bi) 6= (0, 0) and for s + 1 ≤ i ≤ d − 1,
we have bi 6= 0. By Lemma 3.2, we need only consider the case where bs = 0.
Let t = (t1, . . . , td) ∈ R
d be the unique interior lattice point of r∆(A,B). Anal-
ogous to the proof in Theorem 0.2, we have ti = 1 for each i and so we set
∆′ = r∆(A,B) − t. Then by Lemma 3.1, the equations of supporting hyperplanes
of facets of ∆′ are as follows:
• −xd = 1;
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• −pqxi + aiqxs + pbixd = pq − pbi − aiq, 1 ≤ i ≤ s− 1;
• −xs = 1;
• −qxi + bixd = q − bi, s+ 1 ≤ i ≤ d− 1;
• pq
∑
1≤j≤d−1
j 6=s
xj + q(1−
∑
1≤j≤s−1
aj)xs + p(1−
∑
1≤j≤d−1
j 6=s
bj)xd
= rpq − pq(d− 2)− q(1−
∑
1≤j≤s−1
aj)− p(1−
∑
1≤j≤d−1
j 6=s
bj).
Since ∆′ is reflexive, by Lemma 1.1, for 1 ≤ i ≤ s−1 we have pq−pbi−aiq ∈ {1, p, q}
and for s+1 ≤ i ≤ d−1 we have bi = q−1. If for some 1 ≤ i ≤ s−1, pq−pbi−aiq = 1,
then since
a =


(
s−1∑
j=1
bj
)
− (d− s)
q
,
q − b1
q
, . . . ,
q − bs−1
q
, 0,
1
q
, . . . ,
1
q


and
b =


(
s−1∑
j=1
aj
)
− 1
p
,
p− a1
p
, . . . ,
p− as−1
p
,
1
p
, 0, . . . , 0


are elements of Λ∆(A,B), we know that the ith entry of a+ b equals
1
pq
. Hence this is
the case where s3 ≥ 1. If for some 1 ≤ i ≤ s−1, pq−pbi−aiq = p, then since (ai, bi) =
(0, q−1), it follows that ∆(A,B) is unimodularly equivalent to ∆(A′, B′), where A′ =
(a1, . . . , ai−1, ai+1 . . . , as−1, p) andB
′ = (b1, . . . , bi−1, bi+1, . . . , bs−1, 0, bi, bs+1, . . . , bd−1, q).
Hence we may assume that for any 1 ≤ i ≤ s − 1, we have that pq − pbi −
aiq = q. In particular, (ai, bi) = (p − 1, 0). Then we know that an element
−p(d− s) + qspq , 1p, . . . , 1p︸ ︷︷ ︸
s
,
1
q
, . . . ,
1
q︸ ︷︷ ︸
d−s

 of (R/Z)d+1 generates Λ∆. Moreover, we ob-
tain
1−
∑
1≤j≤s−1
aj = −p(s− 1) + s,
1−
∑
1≤j≤d−1
j 6=s
bj = −q(d− s− 1) + (d− s),
and
rpq − pq(d− 2)− q(1−
∑
1≤j≤s−1
aj)− p(1−
∑
1≤j≤d−1
j 6=s
bj) = rpq − p(d− s)− qs.
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Since ∆′ is reflexive, by Lemma 1.1, it follows that rpq−p(d−s)−qs ∈ {1, p, q, pq}.
By Lemma 1.2, we know that rpq − p(d− s)− qs 6= pq. If rpq − p(d− s)− qs = 1,
we have
−s
p
+
−d + s
q
=
−rpq + 1
pq
. Hence, this is again the case where s3 ≥ 1.
Therefore, we may just consider the case where rpq−p(d−s)−qs ∈ {p, q}. However,
it is clear that this case satisfies the statement (2). By Lemma 3.4, this completes
the proof. 
By Theorem 2.3, we can construct Gorenstein simplices whose normalized volume
is equal pℓ, where p is a prime number and ℓ is a positive integer. Finally, we give
other examples of Gorenstein simplices whose normalized volume equals pℓ. These
simplices arise from Hermite normal form matrices with ℓ nonstandard rows. In
particular, Theorem 0.2 (2) is the motivation for the following theorem.
Theorem 3.5. Let p be a prime number, and let d and ℓ be positive integers with
ℓ ≤ d, and let 1 ≤ s1 < s2 < · · · < sℓ = d be positive integers. For 1 ≤ i ≤ k and
0 ≤ j ≤ d, we set
R/Z ∋ gij =


−
d∑
k=1
gik, if j = 0,
p− aij
p
, if 1 ≤ j ≤ si − 1 and j 6= s1, . . . , si−1,
1
p
, if j = si,
0, otherwise,
where each aij is a positive integer with 1 ≤ aij ≤ p − 1. Suppose that there exists
an integer r with d = rp−1, and for 1 ≤ j ≤ d−1 with j 6= s1, . . . , sℓ, there exists a
positive integer tj such that
∑
i aij = tjp− 1. If ∆ ⊂ R
d is a d-dimensional simplex
such that Λ∆ is generated by (g10, . . . , g1d), . . . , (gℓ0, . . . , gℓd), then ∆ is Gorenstein
of index r and Vol(∆) = pℓ.
Proof. Set ∆ = conv(v0, . . . , vd) ⊂ R
d, where
vi =


(0, . . . , 0), if i = 0,
ei, if i 6= 0, s1, . . . , sℓ,∑
1≤j<sk
j 6=s1,...,sk−1
aijej + pesk , if i = sk.
Then ∆ ⊂ Rd is a d-dimensional simplex such that Vol(∆) = pℓ and Λ∆ is generated
by (g10, . . . , g1d), . . . , (gℓ0, . . . , gℓd). Let s0 = 0. Then the equations of supporting
hyperplanes of facets of r∆ are as follows:
• −xsk = 0, for k = 1, . . . , ℓ;
• −pxi +
∑ℓ
j=k+1 ajixsj = 0, for sk < i < sk+1;
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• p
∑
1≤j<sℓ
j 6=s1,...,sℓ−1
xj +
∑
1≤k≤ℓ



1− ∑
1≤j<sk
j 6=s1,...,sk−1
akj

 xsk

 = rp.
Let t′ = (t′1, . . . , t
′
d) be a lattice point of R
d, where
t′i =
{
1, if i = s1, . . . , sℓ,
ti, if i 6= s1, . . . , sℓ.
Now, we claim t′ is an interior lattice point of r∆. Indeed, for sk < i < sk+1, we
have
−pti +
ℓ∑
j=k+1
aji = −1 < 0
and
p
∑
1≤j<sℓ
j 6=s1,...,sℓ−1
tj +
∑
1≤k≤ℓ

1− ∑
1≤j<sk
j 6=s1,...,sk−1
akj

 = d = rp− 1 < rp.
Now set ∆′ = r∆− b. Then the equations of supporting hyperplanes of facets of
∆′ are as follows:
• −xsk = 1, for k = 1, . . . , ℓ;
• −pxi +
ℓ∑
j=k+1
ajixsj = 1, for sk < i < sk+1;
• p
∑
1≤j<sℓ
j 6=s1,...,sℓ−1
xj +
∑
1≤k≤ℓ



1− ∑
1≤j<sk
j 6=s1,...,sk−1
akj

 xsk

 = 1.
Hence by Lemma 1.1, ∆′ is reflexive, and so ∆ is Gorenstein of index r. 
Remark 3.6. Let ∆ be the Gorenstein simplex as in Theorem 3.5. Then the vertices
of the associated dual reflexive simplex of ∆ are following lattice points:
• −esk , for k = 1, . . . , ℓ;
• −pei +
ℓ∑
j=k+1
ajiesj , for sk < i < sk+1;
• p
∑
1≤j<sℓ
j 6=s1,...,sℓ−1
ej +
∑
1≤k≤ℓ



1− ∑
1≤j<sk
j 6=s1,...,sk−1
akj

 esk

.
4. volume of the associated dual reflexive simplex
In this section, we compute the volume of the associated dual reflexive simplices
of the Gorenstein simplices we constructed in Sections 2 and 3. We first consider
the case of Gorenstein simplices arising from Hermite normal form matrices with
one nonstandard row.
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Theorem 4.1. Let ∆(A) ⊂ Rd be a d-dimensional Gorenstein simplex of index r
as in Theorem 2.3 and set ∆ = r∆(A) − (1, . . . , 1). For 0 ≤ i ≤ d − 1, we set
bi = ad/ai. Then we have Vol(∆
∨) = r
∏d−1
j=0 bi.
Proof. By Lemma 2.4, we know that ∆∨ = conv(w0, . . . , wd), where
wi =


− ed, if i = 0,
−
ad
ai
ei +
ad − ai
ai
ed, if 1 ≤ i ≤ d− 1,
ad
a0
d−1∑
j=1
ej +
(r − d+ 1)ad − a0
a0
ed, if i = d.
It is easy show ∆∨ is unimodularly equivalent to a d-dimensional simplex ∆′ whose
vertices v′0, . . . , v
′
d are the following:
v′i =


(0, . . . , 0), if i = 0,
− biei, if 1 ≤ i ≤ d− 1,
b0
d−1∑
j=1
ej + rb0ed, if i = d.
Hence we have Vol(∆∨) = r
∏d−1
j=0 bi, as desired. 
From this theorem, we immediately obtain the following corollary.
Corollary 4.2. Let ∆ ⊂ Rd be a d-dimensional Gorenstein simplex of index r whose
normalized volume equals a prime number p. Suppose that ∆ is not a lattice pyramid
over any lower-dimensional lattice simplex and the unique interior lattice point of
r∆ is the origin of Rd. Then we have Vol((r∆)∨) = rpd.
Next, we consider the case of Gorenstein simplices with normalized volume p2,
where p is a prime number. By Theorem 4.1, we can compute the volume of the
associated dual reflexive simplices of the Gorenstein simplices in Theorem 0.2 (1).
The Gorenstein simplices in Theorem 0.2 (2) are included in the Gorenstein sim-
plices in Theorem 3.5. Hence, we consider the case of the Gorenstein simplices in
Theorem 3.5. In fact, we can obtain the following Theorem.
Theorem 4.3. Let ∆ ⊂ Rd be a d-dimensional Gorenstein polytope of index r as
in Theorem 3.5 such that the unique interior lattice point of r∆ is the origin in Rd.
Then we have Vol((r∆)∨) = rpd−ℓ+1.
Proof. By Remark 3.6, (r∆)∨ is the convex hull of the following lattice points:
• −esk , for k = 1, . . . , ℓ;
• −pei +
ℓ∑
j=k+1
ajiesj , for sk < i < sk+1;
15
• p
∑
1≤j<sℓ
j 6=s1,...,sℓ−1
ej +
∑
1≤k≤ℓ



1− ∑
1≤j<sk
j 6=s1,...,sk−1
akj

 esk

.
So we set
U =


1 0 · · · 0 t′1
...
...
...
...
0 0 · · · 1 t′d−1
0 0 · · · 0 t′d

 ∈ Zd×d.
Since t′d = tℓ = 1, it follows that U is unimodular. Letting ∆
′ = fU((r∆)
∨ + ed), we
know that ∆′ is the convex hull of the following lattice points:
• (0, . . . , 0);
• −esk , for k = 1, . . . , ℓ− 1;
• −pei +
ℓ−1∑
j=k+1
ajiesj , for sk < i < sk+1;
• p
∑
1≤j<sℓ
j 6=s1,...,sℓ−1
ej +
∑
1≤k≤ℓ−1



1− ∑
1≤j<sk
j 6=s1,...,sk−1
akj

 esk

+ rped.
Hence we have Vol(∆′) = rpd−ℓ+1, as desired. 
Corollary 4.4. Let p be a prime number, and let ∆ ⊂ Rd be a d-dimensional
Gorenstein simplex of index r whose normalized volume equals p2.
(1) Suppose that ∆ and s satisfy the condition of Theorem 0.2 (1) and the unique
interior lattice point of r∆ is the origin in Rd. Then we have Vol((r∆)∨) = rp2d−s.
(2) Suppose that ∆ satisfies the condition of Theorem 0.2 (2) and the unique interior
lattice point of r∆ is the origin in Rd. Then we have Vol((r∆)∨) = rpd−1.
Finally, we consider the case of Gorenstein simplices whose normalized volume
equals pq, where p and q are prime numbers with p 6= q.
Theorem 4.5. Let p and q be prime integers with p 6= q and ∆ ⊂ Rd a d-
dimensional Gorenstein simplex of index r whose normalized volume equals pq.
Suppose that ∆ is not a lattice pyramid over any lower-dimensional lattice sim-
plex and the unique interior lattice point of r∆ is the origin in Rd. Then we have
Vol((r∆)∨) = rps1+s3−1qs2+s3−1, where s1, s2, s3 are nonnegative integers which sat-
isfy the conditions of Theorem 0.3.
Proof. First, assume that s3 ≥ 1. Then by Theorem 4.1, we obtain Vol((r∆)
∨) =
rps1+s3−1qs2+s3−1.
Next, assume that s3 = 0. Then by the condition (1) of Theorem 0.3, we know that
(s1, s2) 6= (1, d) and (s1, s2) 6= (d, 1). Moreover, by the condition (2) of Theorem 0.3
and the normalized volume of ∆, we have (s1, s2) 6= (d+1, 0) and (s1, s2) 6= (0, d+1).
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Hence, we have s1, s2 ≥ 2. Since Λ∆ is generated by

1p, . . . , 1p︸ ︷︷ ︸
s1
,
1
q
, . . . ,
1
q︸ ︷︷ ︸
s2

, we
may assume that r∆ = r∆(A,B) − (1, . . . , 1), where A = (p− 1, . . . , p− 1︸ ︷︷ ︸
s1−1
, p) and
B = (0, . . . , 0︸ ︷︷ ︸
s1
, q − 1, . . . , q − 1︸ ︷︷ ︸
s2−2
, q). Then by Lemma 3.4, we know that (r∆)∨ =
conv(w0, . . . , wd) where
wi =


− ed, if i = 0,
− pei + (p− 1)es1, if 1 ≤ i ≤ s1 − 1,
− ei, if i = s1,
− qei + (q − 1)ed, if s1 + 1 ≤ i ≤ d− 1,
(c1, . . . , cd), if i = d,
and
ci =


q(1− (s1 − 1)(p− 1))
p
, if i = s1,
1− (d− s1 − 1)(q − 1), if i = d,
q, otherwise.
It is easy show (r∆)∨ is unimodularly equivalent to a d-dimensional simplex ∆′
whose vertices v′0, . . . , v
′
d are the following:
v′i =


(0, . . . , 0), if i = 0,
− (p− 1)ei + pes1, if 1 ≤ i ≤ s1 − 1,
− ei, if i = s1,
− qei, if s1 + 1 ≤ i ≤ d− 1,
(c1, . . . , cd−1, c1 + · · ·+ cd + 1), if i = d,
Since c1+ · · ·+cd+1 = rq, we have that Vol((r∆)
∨) = rps1−1qs2−1, as desired. 
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